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ABSTRACT
The purpose of this paper is to propose an approach for
dynamic response prediction of moored offshore structures via
time-varying transfer function. By utilizing the time-varying
autoregressive with exogenous input (TVARX) model, timevarying transfer function of an eight-column semi-submersible
model can be generated. Input-output pair for transfer function
generation is wave height as excitation input and surge motion
as system response, obtained experimentally from a scaled
1:100 model of a prototype semi-submersible. Keeping the
system the same set-up, a single time-varying transfer function
generated from one wave spectrum can be used to predict other
surge responses of the model under different peak frequencies
of random wave. It is found out that the dynamic response
predictions from the proposed approach have shown good
agreement with the experimental results either in time or
frequency domain.
KEYWORDS
Semi-submersible model, Surge motion response; Time-varying
transfer function; TVARX model
INTRODUCTION
In offshore engineering field, model tests of floating
structures either small or large scale tests have been constructed

to study the dynamic response and taken as a mutual comparison
for theoretical or numerical studies. Experimental investigations
of such models are usually carried out in the wave tank where
they are excited by regular or random wave in a particular
frequency range. However, model testing across many wave
frequencies would be time consuming and cumbersome.
Dynamic response prediction of the model outside of the tested
frequency range is much needed without conducting the
experiment. It leads to a significant saving in test time and test
cost. Moreover, error and repetition of the experiments could be
avoided. This effort can be accomplished by acquiring the
measured time series of wave height and motion responses in the
wave tank. From the acquired data, empirical models could be
derived to describe the dynamic behaviour of the system. If the
interest is in the amplitude and statistics of the floating structures
motion, the empirical models are usually based on nonparametric
quantities, such as transfer function (TF) and response amplitude
operator (RAOs) [1]. This model is also suitable to the design
and stability analysis of motion control systems. The generated
TF can be classified as wave-to-motion TF [2] and dynamic
response prediction can be carried out. However, the TF must
have the ability to capture the nonlinearity or nonstationarity of
the system to create reliable dynamic response prediction. It
certainly needs an accurate system identification method. Hence,
this paper proposes an approach for dynamic response prediction
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via time-varying transfer function. Such a TF is expected to
predict the dynamic response in a wide range of wave
frequency. The method will be described in the next section. As
study case, a scaled 1:100 model of a prototype semisubmersible as a moored offshore structure is used and dynamic
response prediction in surge motion is carried out. This motion
is chosen because second-order motion response is dominant in
surge direction. However, the proposed method is also
applicable for other motion responses.

ESTIMATION OF TRANSFER FUNCTION
After obtaining the coefficients, it can be converted into
transfer function, either impulse response function (IRF) or
frequency response function (FRF). Transfer function of the
system in term of FRF can be estimated using equation (3).
Terms in equation (3) are explained as follows: ai (k ) and bl (k )
are the ith , lth elements of the estimated TVARX coefficients and
ω is the observed frequency, respectively.
M

TVARX MODEL
Relationship between a set of measured time series of
wave height and motion response of structure is approached
with a model structure via TVARX which is given by:
P

M

i =1

l =0

y (k ) = ∑ a i (k ) y (k − i ) + ∑ bl (k ) u (k − l ) + e(k ) .

(1)

Notations y(k − i ) and u (k − l ) are delayed motion response and
wave height variables, called regressors in discrete time
index k , respectively. Notation P and M are number of
respective delayed regressors which are the order of TVARX
model. Values ai (k ) and bl (k ) are the TVARX coefficients which
is time-variant. If the coefficients are time-invariant, then
equation (1) is equivalent with the well-known ARX model.
Model error is denoted with e(k ) , which is Gaussian with zero
mean and variance σ e2 . From equation (1), the work is mostly
concerned with the identification of coefficients ai (k ) and bl (k ) .
Equation (1) describes that the current motion responses depend
on the summation between previous states of motion responses
and wave height, together with current states of wave height. In
order to estimate the TVARX coefficients, equation (1) can be
rewritten in a discrete state-space form and expressed in
equation (2a),
y (k ) = x(k )L(k ) + v (k )

(2a)

L(k ) = AL(k − 1) + w(k ).

(2b)

Vector x(k ) contains the regressors, past values of measured
motion
responses
and
wave
while
vector
height [ y (k − 1),L , y (k − P ),u (k ),L ,u (k − M )] ,
L (k ) contains the TVARX coefficients. If time evolution of the
coefficients is restricted to be linear and stochastic, then L(k ) is
then expressed in equation (2b). Term A is the state transition
matrix which will be restricted as an identity matrix,
while v(k ) and w(k ) are the observation and state noise,
respectively. Minimization error between the models’s output in
equation (1) and the measured data can be accomplished by
adopting some numerical methods. Because the floating
offshore structures are dynamic system with slow variation,
adaptive methods can be utilized. For more detail about the
adaptive methods, one may refer to [3].

(

H k ,e

jω

)=

∑ bl (k )e

− jωl

l =0
P

1 + ∑ ai (k )e− jωi

.

(3)

i =1

Because term k indicates discrete time index, it leads to the
condition that the estimated transfer function is time-varying
transfer function (TVTF).
At this step, dynamic response prediction in frequency
domain can be obtained by treating the TVTF as a linear filter.
The relation is as follows:

(

) ( ) ( )
(4)
where S (k , e ) is system’s output spectrum (motion responses)
and S (k , e ) is system’s input spectra (wave height) at
S o k , e jω = H k , e jω ⋅ S i k , e j ω ,
jω

o

jω

i

particular frequency. Vice versa, response prediction in time
domain y (k ) can be carried out by converting TVARX
coefficients into IRF or simply converting equation (3) into time
domain and convoluted with corresponding system input u (k ) .
Both domains will be presented in this paper.
To compare the prediction results with its respective
measured time series qualitatively, the normalized mean square
error (NMSE) is calculated as a statistical comparison. The
NMSE value is expressed in equation (5),
1
N
NMSE =

N

{(y pred (k ) − y pred (k ))}− (yexp (k ) − yexp (k ))
∑
k =1

2

1
N

N

(5)

(yexp (k ) − yexp (k ))
∑
k =1

2

where N is the data length, y pred (k ) is the predicted time series,
and yexp (k ) is the measured time series.
EXPERIMENT
The method is applied to the case of an eight-column semisubmersible model. The experimental layout is shown in Figure
1. The model test was moored with two typical springs that
attached with steel wires on fore and aft side of the model. The
springs were soft linear springs connected to load cells mounted
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or demean process carried out for both time series in order to
retain the nonlinearity of the system. From the figure, it can be
observed that the wave height seems to be linear random waves
because its amplitudes appear to be symmetrical around its mean
value. Conversely, since the surge response is not symmetrical
and seems to be shifted upward, nonlinearity is present inside.
Wave height (m)

0.1

0

-0.1
Surge response (m)

on the model. This arrangement was set up to measure the
second-order motion response. This was made possible by the
soft spring wire restraining system attached to the model [4].
The model was then tested in the wave tank of the
offshore engineering laboratory, Universiti Teknologi
PETRONAS. The wave tank has 22 m length, 10 m width and
1.5 m depth. The JONSWAP spectrum was used to generate the
random wave, where the test was conducted for six minutes
duration and the model was subjected a unidirectional random
wave in head seas orientation. Wave probes were used to
measure the wave height, while the motion responses of the
semi-submersible model in all six degrees of freedom were
recorded by optical tracking system. The test took only few
minutes, hence the effects of wave wall reflection were not
considered. The progressive mesh beach systems also
minimized the interference from reflected waves during tests.
The data had been sampled at sampling frequency 100 Hz.
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Figure 2: Filtered wave height and surge response of IRW-1

(a) Side view

RESULTS
By manipulating equation (1) and (2) with Kalman
smoother algorithm [3], TVARX coefficients, ai (k ) and bl (k ) for
selected model order can be calculated. The coefficients are
presented in Figure 3.
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(a) Plane view
2

Initial experiment was conducted by subjecting the model
to a unidirectional random wave with significant wave height,
H s = 0.1 m and peak frequency, f P = 0.61 Hz in head seas
orientation. Later on, this random wave is called IRW-1 for
convenience. This measured wave height and surge response are
selected to be used as model transfer function for dynamic
response prediction to fulfill the purpose of this paper. Preprocessing is carried out for both measured time series to
remove the noise embedded during the measurement. The
empirical mode decomposition (EMD) through Hilbert-Huang
transformation is employed for this purpose [5]. It is found out
that filtering with EMD method produces similar result with
low pass filter (LPF) method with cut-off frequency 0.01 Hz.
The results are displayed in Figure 2. It is noted that no detrend

a

l

Figure 1: Layout of model test
0

-2

Figure 3: TVARX coefficients for IRW-1
It can be seen that all coefficients evolve over time as an
indication that TVARX is an extended form of ARX where the
coefficients are time-variant. Those time-varying coefficients are
expected to capture the dynamic feature of the model test.
Selected model order, P and M can be estimated by adopting
some methods such Akaike information criterion (AIC),
Bayesian information criterion (BIC) and the others.
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The model order estimation is achieved in two phases:
i) By setting up TVARX (P ,2 ) , where (P = 2,L ,20 ) , model
order P is
estimated
by
setting M = 2 .The
proper P order is selected based on minimization of
AIC, BIC and other criterion from Figure 4(a).
ii) Following the P order selection, the M order is
determined in a similar manner.
BIC
AIC
HANNAN-QUINN
SCHWARTZ

Value

-10
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Experiment
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P

-16
0

5
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Model order

15
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-10
BIC
AIC
HANNAN-QUINN
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0.04
0.02
0
-0.02

Prediction error (m)

(a)

-12

Prediction

0.08
Surge response (m)

-8

Value

response in two principal frequency peaks. The first peak is in
the low frequency region at around 0.05 Hz, approximately 0.07
Hz, which corresponds to the surge natural frequency of the
semi-submersible model. This frequency may be called as the
resonant low frequency response (LF). The second peak is
around 0.61 Hz, corresponds to the same frequency exist in the
random wave spectrum. This frequency is known as incident
wave frequency response (WF). Interpretation of LF and WF
may be referred to Figure 7.
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Figure 5: Surge response time series for IRW-1
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Figure 4: Model order for IRW-1
Overall, it may be observed from Figure 4, that the TVARX
model of order (12,2) is optimum for transfer function
estimation.
The coefficients are then plugged into the original
equation (1) to see the prediction result. Prediction results are
then verified with experiment result from the wave tank and
presented in the top of the panel of Figure 5. Bottom of the
panel is the residuals or prediction error. From those figures, it
can be seen that the prediction error is relatively small, meaning
that TVARX model can predict the surge response accurately.
Further, to obtain a relationship between wave height and surge
response in time frequency domain, the coefficients are also
plugged into equation (3), the result is displayed in Figure 6 in
term of transfer function. From Figure 6, it can be noticed that
transfer function of surge response indicates significant
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Figure 6: Transfer function for IRW-1
In Figure 7, WF is existed in the wave spectrum; it
indicates a linear response. In addition, LF is not existed in the
wave spectrum, which suggests a nonlinear response for the
model. It implies that there exists a nonlinear effect in term of
second-order force (wave drift force), which is proportional to
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the square of the wave height, exerted on the semi-submersible
model. These results are also found by many prior researches,
for example [6]-[9]. This nonlinear dynamic can be captured by
the transfer function generated from TVARX model. However,
to capture the nonlinearity of the semi-submersible model
sharply, TVARX model must have higher order model. If the
model order is lower than the optimum model order shown in
the Figure 3, then the resonant low frequency motion doesn’t
exist in the transfer function estimate.
0.01
Wave height
Surge motion

0.009
0.008

Magnitude

0.007
0.006
0.005

The figure describes that the system is poles dominant,
where all the poles spread in the complex plane, either in the left
or right plane. They all locate outside of the unit circle periphery.
The poles are also complex-conjugate pair, represents oscillating
behaviour mode. Because the stability is restricted on the poles,
not the zeros, then the figure also indicates that the semisubmersible model is unstable system, which is a significant
dynamic characteristic of uncontrolled moored floating offshore
structures. This oscillatory motion is imparted to the semisubmersible model due to fluid-structure interaction.
Based on the results above, the application of the proposed
method in dynamic response prediction is tested in three sets of
random wave as shown in Table 1. The wave frequency and the
wave heights are taken based upon the limitation of the wave
tank and wave maker. By taking the transfer function from
Figure 6 as a model transfer function, surge response in time and
frequency domain can be predicted.
Table 1: Random wave parameters

0.004

IRW-2
IRW-3
IRW-4

0.002
0.001
0

Significant Height
(m)
0.06
0.08
0.09

Data

0.003

0

0.2

0.4

0.6
0.8
Frequency (Hz)

1

1.2

Peak Frequency
(Hz)
0.83
0.77
0.71

By utilizing equation (4), response prediction is carried out for
every data in Table 1. It can be simply calculated by replacing

(

)

(

)

Figure 7: Spectral estimate of IRW-1

H k , e jω with the model TF as per Figure 6 and S i k , e jω with

Another perspective may be drawn from the coefficients
by manipulating the equation (3). By factoring the equation (3),
zeros and poles of the system can be obtained. The TF produces
one zero and twelve complex poles and plotted in complex
plane as shown in Figure 8.

IRW-2, IRW-3 and IRW-4, respectively. Surge response in
frequency domain can be obtained. As a first prediction, surge
response spectrum under IRW-2 data is presented in Figure 9. It
is clearly observed that predicted surge response spectrum is in
good agreement with the experimental result. Peak either in LF
or WF is overlapped each other. There is no significant
difference in magnitude for both spectrums.
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Figure 9: Surge response spectrum for IRW-2

Figure 8: Plot of poles and zeros for IRW-1
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Figure 10: Surge response time series for IRW-2

Figure 12: Surge response time series for IRW-3

By converting the result from Figure 9 into time domain,
time series of surge response can be obtained. Prediction results
are then verified with experiment result from the wave tank and
presented in Figure 10. Prediction result is also in good
agreement as frequency domain. Next prediction is carried out
for IRW-3 data. Similar procedure with IRW-2 data, surge
response spectrum is predicted and displayed in Figure 11.

Last, prediction is carried out for IRW-4, where the wave
frequency is 0.71 Hz. Discrepancy is observed the magnitude
either in LF or WF region, where the magnitude for prediction
results is bigger around 12.5% in LF region and 6,3% in WF
region than the experiment, respectively. It also can be noticed
that ripple is more apparent in the prediction result than
experimental result.
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Figure 13: Surge response spectrum for IRW-4

Figure 11: Surge response spectrum for IRW-3
In Figure 11, peak frequency in LF region around 0.05 Hz and
WF region around 0.78 Hz is clearly shown by predicted result.
Discrepancy is noticed in the magnitude in LF region, where
prediction result is lower around 9.8% than experimental
results. Further, prediction result produces fewer ripples in LF
region than experimental result.

0

Also, from all time series of surge response obtained from
prediction, it can be seen that the prediction error in the bottom
panel of each figure are relatively small, meaning that TVARX
model can predict the surge response well. To compare the
prediction results with its respective measured time series
qualitatively, the normalized mean square error (NMSE) is
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calculated as a statistical comparison. The NMSE value is
shown in Table 2.
0.1

Surge response (m)
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Figure 14: Surge response time series for IRW-4
Table 2: NMSE value
Data
IRW-1
IRW-2
IRW-3
IRW-4

NMSE
0.2692
0.3101
0.3044
0.2948

NMSE values in Table 2 shows a trend that slight degradation
occurs when dynamic response prediction is carried out into
higher wave frequency. However, it is still acceptable since LF
and WF region can be identified clearly from all tested wave
frequency range.
CONCLUSIONS
In this paper, the application of TVARX model for dynamic
response prediction is carried out. The high correspondence
between the predicted and actual surge response is achieved
either in time or frequency domain. It has been shown that the
time-varying transfer function obtained from TVARX model
can be used for dynamic response prediction of the model test
accurately. However, to get such a TF, higher model order is
required. In this model test, optimum model order is found
(12,2) to capture the nonlinearity of semi-submersible model.
By having an accurate empirical model of the system in term of
TF, prediction of a moored floating structure’s dynamic can be
carried out across many wave frequencies in a most efficient
manner. It leads to a significant saving in test time and test cost.
The method is also potential for analyzing the typical structure’s

REFERENCES
[1] Suleiman, B.M., 2004, “Identification of finite-degree-offreedom models for ship motion, “Ph.D. Thesis in
Engineering Mechanics, Virginia Polytechnic Institute and
State University.
[2] Taghipour, R., Perez, T., and Moan, T., 2008, “Hybrid
frequency-time domain models for dynamic response
analysis of marine structures,” Ocean Engineering, vol. 35,
pp. 685-705.
[3] Yazid, E., Liew, M.S., Setyamartana, P., and Kurian, V. J,
2012, “Field Measurements Based RAO Estimation via the
TVAR Model,” 31th International Conference on Offshore,
Mechanic and Arctic Engineering (OMAE2012), Rio de
Janeiro, Brazil (July 1-6, 2012).
[4] Yassir, M.A, Kurian, V.J. and Harahap, I.S, 2011, “Second
order Motion Responses of Semi-submersibles: Numerical
and Experimental Study,” 21th International Offshore and
Polar Engineering Conference (ISOPE2011), Maui, Hawaii,
USA (June 19-24, 2011).
[5] Rato, R.T., Ortigueira, M.D., and Batista, A.G., 2008, “On
the HHT, Its Problems, and Some solutions, “Mechanical
Systems and Signal Processing, vol. 22, pp. 1374-1394.
[6] Birkelund, Y., Powers, E.J. and Hanssen, A., 2002, “On the
Estimation of Nonlinear Volterra Models in Offshore
Engineering,” 12th International Offshore and Polar
Engineering Conference (ISOPE2002), Kitakyushu, Japan
(May 26-31, 2002).
[7] Kim, N., 2004, “Extraction of the Second-Order Nonlinear
Response from Model Test Data in Random Seas and
Comparison of the Gaussian and Non-Gaussian Models,”
PhD Thesis, Department of Ocean Engineering, Texas A&M
University.
[8] Spanos, P.D., Ghosh, R., Finn, L.D., and Halkyard, J.E.,
2005, “Coupled Analysis of a spar Structure: Monte Carlo
and Statistical Linearization Solutions, “Journal of Offshore
Mechanics and Arctic Engineering, ASME, vol. 127, pp.
11-16.
[9] Low, Y.M., and Langley, R.S., 2008, “Understanding the
Dynamic Coupling Effects in Deep Water Floating
Structures Using a Simplified Model, “Journal of Offshore
Mechanics and Arctic Engineering, ASME, vol. 130, pp. 110.

7

Copyright © 2013 by ASME

