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Abstract.  In previous work [1, 2], we studied the linearized gravitytweovariant gaug@ = 2/3 anda = 5/3. It
was found that the sum of the source and initial contribtiproduces the correct field configuration over the whole
de Sitter spacetime. In this paper, we extend this work t@ggizing the linearized gravitational field in an arbiyrar
value of the gauge parametebut the gauge parametremains the same.
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INTRODUCTION It has been a controversy that the field coming from

a charge following a geodesic only fills the space of the

De Sitter spacetime describes an inflationary phase of union of the charge’s future lightcone in the future event
the very early universe after the Big-Bang singularity [3]. horizon, and thus violates the Gauss’s Law because there

(See, e.qg., [4-6] for early discussion on this subject). It are region such that the flux at sufficiently large sphere
is considered as a model of empty space universe with around the charge vanishes, e.g., in the region of the past

spatially flat section in which the dynamic of the uni- event horizon of the charge [9-12]. This is due to the

verse is governed by the cosmological constant, which spacelike nature of past infinity of de Sitter spacetime

is thought to be dark energy in our universe. The recent that casts doubt to the validity of the usage of the covari-
observational data is strongly in favor to the universe at ant retarded Green’s function to act as a tool to generate

present may undergo a de Sitter phase of expansion [7, 8].the field causally from a source. This paradox can be

Mathematically, de Sitter spacetime can be constructed asresolved by including not only the source term but also

a 4—dimensional one-sheeted hyperboldd, g,,) em- the initial data on the Cauchy hypersurface at infinite past
bedded in a 5—dimensional flat spe(Ee:‘,r]w) [3], when calculating the field configuration using retarded
4 1 Green'’s function [1, 2, 13]. Therefore the field is cor-
—(X%2+ Z(xi)Z ==, (1) rectly reproduced to satisfy Gauss’s Law at any instance
i= H of time over the Cauchy hypersurface.
where the Hubble constar determines the expan- In previous work [1] we show the correct field config-

sion rate of the spatial section. The metrig, and uration is reproduced from the sums of source term along

Oab Correspond to the 5—dimensional ambient space andits geOdeSiC and initial data at past |nf|n|ty USing retarded
4—spacetime intrinsic coordinates in the de Sitter hy- Green’s function with the gauge condition

perboloid, respectively, where the Greek indiges =
0,---,4 and the lowercase Latin indicesb =0,---,3.
This surface is related to the 10 parameters isometry
group SO(4,1). Thus, de Sitter spacetime is a maximally
symmetric 4—-dimensional homogeneous and isotropic
space that gives the solution of the vacuum Einstein field
equation with positive cosmological constant 3H2,

Oah?° — ngh =0, (3)

and the gauge parametet=5/3. In this paper we extend
the work for linearized gravity by generalizing the field
with the gauge parameterarbitrary. The remainder of
the paper is organized as follows. We briefly introduce
and recall some essential facts concerning the structure
Rap — %Rgab+3Hzgab: 0, @) of de Sitter space as a preliminary in’ the ngxt section.
We then formulate the retarded Green'’s function by gen-
whereR;p andR are the corresponding Ricci tensor and eralizing the field in a one-parameter family of covari-
Ricci scalar, respectively. ant gaugex in addition to the one with gauge fixed at



o = 5/3, which will be the subject of this paper, in the
following of next section. In the final section we summa- It
rize this paper. We use natural urits- ¢ = 16nG = 1 \ N

and the metric signatuife- + ++) throughout this paper. \ 4’:\ \2( K
NN 7 '«t— R= constant

- \ N o
DE SITTER SPACE il i | }’\ 1
x| Y AN @
In de Sitter spacetime, the choice of the vacuum state J ~_
is not unique in general due to lacking of global timelike / T < T =constant

Killing vector field [14],K?, satisfying ) |

D(aKb) =0. (4) 1

However, we can find a coordinate system due to high

symmetry of this spacetime in which the spacetime is FIGURE 1. The Carter-Penrose diagram for static coordinate
static, i.e., the metric is time-independence. In such a system of de Sitter spacetime. Each point in this diagramerep
coordinate system a natural vacuum state exists for thesents a 2-sphere spanned@y. The:~ and:™ represent the
scalar field theory, called the Euclidean or Bunch-Davies Past and future infinity. These conformal infinities are sfie
vacuum state [15]. This static form can be constructed if " hature.

the parametrization is taken as

0 _ /H2_R2sj

X" = H RESInhHT, (5) we called the cosmological horizon of the de Sitter uni-

Xt = VH2-R2cosHHT, (6) verse. It is possible to extend the coverage beyond the

X? = Rcos8, (7) limit R = H~! by the coordinate chart of Egs. (5) and

3 . (6) with the facton/H -2 — RZ replaced by-vH 2 — R2,

X® = RsinBcosyp, (8) . ) o —,

4 o This chart covers the region Il in fig. (1) wheReis the

X" = RsinBsing, (©) radius originated from the antipodadrigin (South Pole)

_ 1 of the spatial section lying along the vertical left edge
whereT ¢ ( Oo’?o)’ RE[0,H™), 8 e_[O_,n], ¢ € [0,2m). (R=0) and the coordinate time increases from-o to
The corresponding form of the metric is . : :

+o towards the past. In this region, the vertical hyper-
d< — —(1- Hsz)deJr (1- H2R?)~1dR + R2dQ,, boIoing curve R = constant) with arrow poin_ting down-
(10) ward is the integral curves of the timelike Killing vector

field, i.e., this region contains the past directed timelike
Killing vector field.

dQ, = d6? + sir? 6dg? . (11) The spacelike hypersurfack, is a 3-sphere of con-

stant time T = constant) evolves along the way whose

This coordinate system covers only the quarter of the normal vector coincides with the future directed Killing
whole manifold of de Sitter space as illustrated in the vector in region | and past directed Killing vector in re-
region labeled as | in fig. (1). At any instant of time gjon I as depicted in fig. (1) when the common coordi-
the origin* (North Pole) of the spatial section lies along nate timeT runs from negative infinity to positive infin-
the vertical right edge & = 0 and the coordinate time ity If a point massM is placed at the North Pole, one
T increases from-co to +o towards the future. Due  must find a point mashl exists in the South Pole on the
to the metric is time independence, this coordinate sys- hypersurfac&. This is related to the fact that the total
tem admits a future directed timelike KI”Ing vector field conserved Charge Corresponding to a de Sitter boost sym-
(0/0T)2. Notice that the vertical hyperboloidal curve metry must vanish [16, 17], i.e., the stress-energy tensor
(R = constant) with arrow pointing upward is the inte- Tab myst satisfy
gral curves of the timelike Killing vectdk® = (9/dT ).
In this expanding quarter of de Sitter space, the raRius 458 KP — 0 (12)
can be extended to the null hypersurfaRe;s H 1, which /z abt =5

wheredQ; is the metric of unit 2-sphere, i.e.,

1 without loss of generality, the origin can be taken to be avipntpof 2 Given a pointx located by thex*(x), an antipodal point is a point ~
de Sitter space. located by the-XH(x), soXH(X) = —XH(x).



where the integration is performed over the spatial hyper- Whereh;i‘) is called the source field (the field generated
surfaceX in which dX? = dX x t& wheret? is the future by the source)

directed timelike unit vector normal to the surfate
S /'
héb) = /D+<z> d*X /=0 Gapaty T2? (18)

GAUGE GENERALIZATION IN THE

GRAVITATIONAL FIELD andh(}) is called the initial field (the field generated by

the initial surface)

_The Lagrangian _dens_,ity descr_il_)ing the mass_less spin— hgg _ / o {Tlda/b/Gabdb’ _ (LnG)abda/b/ha/b/ . (19)
2 field of pure gravity with a positive cosmological con- z

stantis given by Here,d is the determinant of the metric dtand

“un =V -GR=20), B (@)™ = (7 + 1) Dy Gy (20)

whereg= detday, is the determinant of the full metric and
Ris the corresponding Ricci scalar. When a small pertur-
bationhyy, in the background metrigyy, is introduced, the
full metric can be written agap = gab+ hap. We have for
linearized gravity, by expanding the Lagrangian density
to second order ihgp, can be expressed in the form

The fieldhyy and the corresponding conjugate momen-
tum current©®?’ adopted at infinite past surfagds the
input field identical to the field reproduced in de Sitter
space. This is because the initial surface is required to
satisfy the Gauss Law in the first place.

In [1] we adopted the gauge = 5/3 in calculating

@) 1 abcdef the field given by Eq. (17). In the rest of this section we

L7 ALt = 3V g{(T + Tgf) Hahblahes restore the gauge in the field in addition to the field at

abcdy 2 o =5/3. As was found in [18] that the coefficients of

H“haph 14

s ab Cd}’ (14) each bi-tensor term is proportional 3g(A + Bia) fi(2),
whereA; andB; are arbitrary constants. Now, the constant

where (T + T,5)2Pcdef and sakcd gre tensors formed b o .
(7 + Zgr) s y coefficients can be written as

the metrics, and.gs O frgfadeef is the Lagrangian den-

sity contributed by the gauge fixing term (as referred to A+ Bia = (Ai n §B) _ 35 (1_ 3_0() 1)
Eq. (3)). Then, the conjugate momentum current is given ! 3 3 5)°

by ) : -
@b _ (T + Tgf)a(bc)defDdhef. (15) We see that the first term on the RHS is the coefficient at

which the gauger = 5/3 is used. In a similar manner,
We note that the conjugate momentum current is a gaugethe retarded Green’s function can be written as
invariant quantity. The covariant graviton propagator

Qabab (X, X) satisfying the equation of motion operator Gabat = Gabaly 0(:5/3+ <1— 3;) éabdb/ , (22)
(T + Tgr) P90 0g — HZSabeq Qefa (%X) where

— Sy (xx),  (16) Gavaty = Cavatt|,_ o o (23)

was obtained in [18] for the gaude= 2/3, where the The coefficients of the operatby; take the formA; +

. -1 . . .
scalar sector does not increase with distance. The re-B'a » and similarly the operator can be written as

tarded Green'’s function is found as the difference of the 5\~

values of the propagators between two points to its an- Ln= Ln’a_5/3+ <1— 5) Ln, (24)
tipodal points counterpart. In the rest of this paper we B

drop the argument in the equation for simplicity. It is where

easy to restore the argument from a given tensor as the L= Ln . (25)
unprimed index refers to the point atand the primed 0=—5/3.VA=0
index refers to the point af. Thus, the second term of initial field in Eq. (19) reads
Let us consider the gravitational field, coupled to b
) b ield i ] (LnG)ab
the stress-energy tensdf®. The field in the future do T2)a
main of dependence of the Cauchy surfacdenoted by — (LG a'b'c” L(1- 3a (L ~) ab'c
D*(Z), is given in terms of the retarded Green’s function m2Jab s/ 5 ) e
as [1, 2] 5 -~ A
S [ - ]
hab = hip) +hl} 17) + <1 3a > (L"G a—5/3) ab (26)



Using the fact thaG|y_s/3+ G= Gla=o and

/ 5 /
<Da,eabaf/ — v Gab) =0, (27)
2 a=0
we find that
(LHG)abda/b/ = (LnG)abda/b/ a=5/3
3a ~ Jan
(1% (bl 8.
(28)
Thus, we have for the gravitational field
_ 30\ (79, T
hab— hab 0(:5/3+ (1— ?) (hab +ha ) ’ (29)
where
Mo = [ d%V-gCua T, (30)
D*(2) 1
,ﬁ(alg = LdZd [TFa/bléabdb/ 2

w

~(Llg.G) 0™y | . (31)

We note that the equations above ar@variant. In view

of the constant coefficient defining the Egs. (23), (29) and
(30) imply that the correct fielty, to be produced by the
source is given by

g b~

3 (s
——h}.
a=0 5 ab

This show that the extra term (the second term on the g

hO

ab —

S
hab

RHS of the equation above), which does not satisfy the 1¢.

gauge condition (3), possessed in the source field is a pure
gauge field when tha is restored. The first term in this
equation is identical to the input field at the initial sudac
The initial field can be generalized to

3a, (1)
?hab a=5/

whereb(X —Y) is the Heaviside step function, i.8(X —
Y)=1if X >, otherwise vanishes. The first term on
the RHS of the initial field, which ist invariant, is pro-
duced in the causal past of the point mass and the second

hl) = hlVe(ax — 1) + BbT-1y). (33)

term, which has an overall gauge factor, is produced in 17,

the causal future of the same mass. This second term

canceled exactly with the extra term from the source field 18.

in the causal future of the point mass.

CONCLUSIONS

In this paper, we generalize the gravitational field pro-
duced by the source term and the initial surface in the co-
variant gauge in de Sitter spacetime. In addition to the

7.
(32) 8.

11.
12.

13.
14.

15.

16.

field at the fixed gauge, a term arose proportional to the
o at which this term will vanish when the gauge=5/3

is applied. The extra terms arising in the field that dif-
fer from the correct field is a pure gauge field. This field
cancels the initial contribution in the causal future of the
point mass along the geodesic. Thus, the $’l§{?ﬂ+ hg,g

is a independent and Eqg. (17) reproduces the correct field
configuration over the whole de Sitter spacetime.
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